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Abstract

We study the use of kernel subspace methods for learning
low-dimensional representations for classification. We pro-

pose a kernel pooled local discriminant subspace method
and compare it against several competing techniques: gen-

eralized Fisher discriminant analysis (GDA) and kernel
principal components analysis (KPCA) in classification

problems. We evaluate the classification performance of

the nearest-neighbor rule with each subspace representa-
tion. The experimental results demonstrate the efficacy of

the kernel pooled local subspace method and the potential
for substantial improvements over competing methods such

as KPCA in some classification problems.

1 Introduction

Subspace analysis methods such as GDA and KPCA
play an important role in classification and data mining. In
data visualization and classification the principal modes are
extracted and utilized for description, detection, and clas-
sification. Using these “principal modes” to represent data
can be found in data preprocessing [5, 10] and linear dis-
criminant analysis [7].

Subspace analysis often significantly simplifies tasks
such as regression, classification, and density estimation
by computing low-dimensional subspaces having statisti-
cally uncorrelated or independent variables. PCA [9] is a
prime example that employs eigenvector-based techniques
to reduce dimensionality and extract features. KPCA [12]

and GDA [1] extend these linear techniques in a nonlin-
ear fashion. In this paper we propose a kernel pooled lo-
cal Fisher discriminant subspace method for learning low-
dimensional representations for classification. We perform
a nonlinear global dimensionality reduction by pooling lo-
cal discriminant dimension information in feature space and
applying the kernel trick [4] to capture nonlinearity. The re-
sulting subspaces are nonlinear, discriminant and compact,
whereby better classification performance and greater com-
putational efficiency can be expected.

2 Subspace Methods

The objective of subspace analysis is to represent high-
dimensional data in a low-dimensional subspace according
to some optimality criteria. Classification then takes place
on the chosen subspace. Here we briefly describe several
methods for computing both linear and nonlinear subspaces
and highlight their corresponding characteristics. We as-
sume that the data can be captured by a compact and con-
nected subspace, which is often the case, for example, in
face recognition.

Kernel PCA is a nonlinear version of PCA [12]. KPCA
applies a nonlinear mapping to the input �������	��

����
��
and then solve for a linear PCA in the induced feature space

 � , where ����� and possibly infinite. In KPCA, the
mapping � is made implicit by the use of kernel functions
satisfying Mercer’s theorem [3] ������������� �!���"�$#%�!����� .
Since computing covariance involves only dot-products,
performing a PCA in the feature space can be formulated
with kernels in the input space without the explicit (and pos-
sibly prohibitive) direct computation of � . A major advan-



tage of KPCA over principal curves is that KPCA does not
require nonlinear optimization. On the other hand, selecting
the optimal kernel (and its associated parameters) remains
an engineering problem.

Similar to KPCA, GDA [1] is a kernelized version of
Fisher discriminant analysis (FDA). The basic idea is to
maximize the ratio of the between sum-of-squares matrix
to the within sum-of-squares matrix in the feature space.
The major problem associated with GDA (or FDA) is that
the within sum-of-squares matrix is usually degenerated in
practice. Often this problem is solved by using techniques
such as pseudo inverse or PCA to remove the null space
of the within sum-of-squares matrix. However, it can be
shown that the null space potentially contains significant
discriminant information [2].

3 Kernel Pooled local Discriminant Subspace
Method

3.1 Pooled Local Subspace Method

Hastie and Tibshrani [8] propose a global dimension re-
duction technique by pooling local dimension information.
For each training point, local pooling calculates the local
centroid deviations �� � ��� � � � � ��� ������ ��� � , where � � ��� � de-
notes the mean of class 	 points in a neighborhood of the
� th training point, and �� ��� � the overall mean. Then it seeks
a subspace that is close in average weighted squared dis-
tance to all these deviations. If 
 denotes an orthonor-
mal basis for the subspace, this subspace can be computed
by minimizing the total weighted residual sum of squares�
��� ��
$����������������� ����� � ��� ���� �� ��� � �"!��#
$
%������ � ��� � , where
� � ��� � represents the local class membership proportions,&

the number of training samples, and ' the number of
classes.

It turns out, as shown in [8], that this subspace is spanned
by the largest eigenvectors of the average between-sum of
squares matrix: ( � �

� � � ����� ( � , where ( � denotes the
local between-sum of squares matrices at the � th training
point: ( � � � �� ��� � � ��� � �*)�,+ �.-� ��)� + �.- � �*)�,+ ��-� �/)� + ��- � � . The
experimental results presented in [8] show that the pooled
local subspace method is very promising.

It is important to note that local pooling does not sphere
the data locally before calculating the centroid deviations.

An argument given in [8] is that any local spherical win-
dow containing two classes will likely have a linear decision
boundary orthogonal to the line joining the two means. As
a result, local pooling will not suffer the small size sample
problem (degenerate within class matrices) facing FDA or
GDA [1, 2]. It is interesting to note that locally linear em-
bedding also uses pooled locally linear constraints to com-
pute a global subspace [11].

3.2 Kernel Pooled Local Subspace Analysis

We now show how to compute a nonlinear pooled lo-
cal discriminant subspace by using the kernel trick [4]. Let
� ��� � �!� �"� be the nonlinear mapping from 

� to 
 � .
Also, let )� � � � + ��- � � �

�1032 �5476 � � �!� � + ��-8 � be the mean of class
	 samples in a neighborhood of the � th training point in the
feature space, and )�!��� + �.- � � �

�10 ���.08 ��� �!� � + �.-8 � be the over-
all mean in the same neighborhood, where

& � represents the
number of class 	 training samples in the neighborhood of
the � th training point, and

& � the total number of training
samples in the neighborhood. Then the local between-sum
of squares matrix at the � th training point in the feature
space is (:9� � �

� � �� �;� � )� � � � + ��- �%� )����� + ��- ��� � )� � ��� + �.- �%�
)�!� � + ��- � � � . The pooled local subspace method seeks a dis-
criminant subspace that is close to all of ( � s. The average
between-sum of squares matrix ( in the feature space is

( 9 �
<
& �=
����� (:9� �

<
& '

�=
�����

�=
� �;�

�� � � � + ��- � �� � ��� + ��- � � (1)

where �� � ��� + ��- � � )� � ��� + ��- �;� )� ��� + ��- � .
Similar to KPCA [12], we have the eigenvector equa-

tion >@? �A( 9 ? . Clearly all solutions must lie in the span
of �!��� � � � # # #�� �!��� � � . Therefore, there exist coefficients B �
( �!� < � # # #�� & ) such that

? � �=
����� B

� �!� � � �7C (2)

It is also true that for all � � < � # # #�� & we have

>�� �!��� 8 � #D?!� � � �!� � 8 ��#E( 9 ?�� (3)

Substituting (2) and (1) into (3), we obtain, the left hand
side of (3) >"� �!� � 8 � #,?�� � > �5��.��� B � �!� � 8 � # �!� � � � .
For the right hand side of (3), we have � �� ���GF �!� � 8 � #



�� � ��� + � - � # # # �!� � 8 ��# �� � ��� + � - � ��� � B , for all � � < � # # #�� & .
Here B � ��B � � # # #"� B � � � and

� � �
��
� �� � � � + � - � # �!��� � � # # # �� � � � + � - ��# �!� � � �# # # # # # # # #

�� � � � + � - � # �!��� � � # # # �� � ��� + � - � # ����� � �

�	�

 C

(4)

Define � � F � � � � � F �!� � � � # �!� � � � � (5)

and �� ��� �� ��� � �� � � . We obtain

� & '"� > � B � �� B (6)

which is a generalized eigenvector problem [6]. By solving
(6), the � th principal component � � of � can be calculated
according to: � � �/? � # �!���"��� � � 8 ��� B � 8 ��� ��� � 8 � , where
? � denotes the � th eigenvector of the feature space.

4 Kernel Pooled Local Subspace Algorithm

Calculating
�
�� is the key step in the implementation.

Here we show it is done. Notice that

� )� � ��� + ��- �;� )� � � + ��- ����# �!� � 8 � ��� ��1032 � + ��-��� 8 ��� ��10 � + �.-8 (7)

where � � 032 � � ��1012 � # # #�� ��1032 � � , � � 0 � � ��10 � # # #�� ��.0 � � ,� + ��-��� 8 � � ����� + ��-��� � ��� 8 � � # # # � ��� � + ��-��� �1032 � � 8 ��� � , and
� + ��-8 �

� ����� + �.-� � � ��� 8 � � # # # � ��� � + ��-� � � 0 � � 8 ��� � , � � < � # # #�� & . Thus, each

row of
� �� can be calculated according to: � �1012 � + ��-� �� �10 � + ��- , where

� + �.-� � � � + ��-��� � � # # # � � + ��-��� � � is a
& � ��� & ma-

trix, and
� + �.- � � � + ��-� � # # #�� � + ��-� � is a

& � � & matrix.

Figure 1 Here we use a 2D toy example to illustrate sub-
space computation by KPooLS using Gaussian kernels. The
left panel shows the 2D example, where the two class data
are uniformly distributed in two dimensions, separated by a
sinusoidal decision boundary. The middle panel shows the
projection of the data onto the first two eigenvectors of the
feature space computed by KPooLS, while the right panel
shows the intensity values of the first principal component
when the 2D space is projected onto the first eigenvector of
the feature space.

5 Experimental Results

In the following we use two data sets to examine the clas-
sification performance of the nearest neighbor rule (3NN)
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Figure 1. Left panel: 2D toy example. Right
panel: First principal component values of
KPooLS.

with each subspace representation, i.e., PCA, KPCA, and
the proposed KPooLS algorithm. Since our focus here is on
subspace methods, a simple classifier is prefered.

For each data set, we randomly select 60% of the data
as training and remaining 40% as testing. This process is
repeated 20 times and the average error distributions are re-
ported. The dimensions of subspaces computed by each
method are determined so that only eigenvectors remain
whose eigenvalues are great than or equal to �@C � < >������ , i.e.,
90% of variations are retained. Also, we use Gaussian ker-
nels for all nonlinear subspace methods and kernel parame-
ters are determined through cross-validation.

Glass Data: This data set is taken from UCI Machine
Learning Repository. It consists of � ��� chemical at-
tributes measured for each of � � � <"! data of ' �$#
classes. The left panel in Figure 2 shows the error distri-
butions of each subspace methods.
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Figure 2. Left panel: Error distributions by
each subspace method on the Glass data.
Right panel: Normalized eigenvalues

The error distributions clearly favor KPooLS. It is inter-
esting to note that while the normalized eigenvalues of the



principal subspaces computed by KPooLS and GDA follow
a similar trend (right panel), KPooLS performed better than
GDA. On average, both KPooLS and GDA used three prin-
cipal modes to represent the subspace. In contrast, KPCA
used 12. GDA performed slightly worse than KPCA. How-
ever, KPCA used substantially larger subspaces (12 dimen-
sions on average).

Cat and Dog Image Data: In this experiment, the data
set is composed of one hundred images of cat faces and dog
faces. Each image is a black-and-white # ! � # ! pixel image,
resulting in 4096 dimensional measurement space. These
images have been registered by aligning the eyes.

The left panel in Figure 3 shows the error distributions
obtained by each method on the cat and dog image data.
KPooLS and GDA registered similar performance. How-
ever, KPCA performed significantly worse, as expected.
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Figure 3. Left panel: Error distributions by
each subspace method on the cat and dog
data. Right panel: Normalized eigenvalues.

The right panel in Figure 3 shows normalized eigenval-
ues calculated by each method. The eigenvalues of the prin-
cipal spaces computed by both KPooLS and GDA again
decrease rapidly. On average, the subspaces computed by
KPooLS and GDA were represented by two principal com-
ponents. In contrast, KPCA used 30 principal components
to represent the subspaces. It is rather surprising to see that
KPCA failed to achieve significant dimensionality reduc-
tion.

6 Summary

This paper presents a kernel pooled local discriminant
subspace method for learning low-dimensional representa-
tions for classification. This method performs a nonlinear
global dimensionality reduction by pooling local dimension

information and applying the kernel trick to capture nonlin-
earity. The resulting Subspaces are nonlinear, discriminant
and compact, whereby better classification performance and
greater computational efficiency can be achieved. The ex-
perimental results show that the KPooLS algorithm can
learn discriminant subspaces that are much more compact
than that computed by KPCA and can outperform compet-
ing methods such as GDA in some classification problems.
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