Relational Algebra and Calculus



Formal Relational Query Languages

Two mathematical Query Languages form the basis
for “real” languages (e.g. SQL), and for
implementation:

O Relational Algebra: More operational, very useful
for representing execution plans.

A Relational Calculus: Lets users describe what
they want, rather than how to compute 1t. (Non-
operational, declarative.)

w- Understanding Algebra is key to understanding SQL,
w and query processing!



S
Relational Algebra

* Procedural language
* Five basic operators
* selection
* projection
* union
e set difference
* Cross product

 The are some other operators which are composed of the above
operators. These show up so often that we give them special names.
 The operators take one or two relations as inputs and give a new
relation as a result.



e
Select Operation — Example

* Relation r

* Opgrpss5 (M)

B|C|D
al 1|7
Bl 5|7
Bl12] 3
p 23| 10
B|C|D
al| 1|7
p 23| 10

Intuition: The select operation
allows us to retrieve some rows
of a relation

Here I have retrieved all the
rows of the relation r where the
value in field A equals the value

in field B, and the value in field
D is greater than 5.



EEE— oo
Select Operation

» Notation: O (r)
 p s called the selection predicate
e Defined as:
o,(r)= {t|tErandp(t)}

Where p 1s a formula 1n propositional calculus consisting
of terms connected by : A (and), v (or), = (not)
Each term is one of:

<attribute> op <attribute> or <constant>
where op 1s one of: =, =, >, =, <, <
« Example of selection:

O | o= T oo (PTOfESSOY)
I



R
Project Operation — Example |

 Relation r:

* T (7)

>

O

=N = KR R

10
20
30
40

N = =N

O

N = = N

Intuition: The project operation
allows us to retrieve some
columns of a relation

Here I have retrieved columns
A and C.



R
Project Operation — Example 11

 Relation r:

* T (7)

>

=N = KR R

10
20
30
40

N N N

S,

D ™

Intuition: The project
operation removes
duplicate rows, since
relations are sets.

Here there are two rows
with A=aand C = 1. So
one was discarded.



S
Project Operation

 Notation:

Al A2, ..., 4k ()
where A, A4, are attribute names and r 1s a
relation name.

 The result 1s defined as the relation of &
columns obtained by erasing the columns that
are not listed

* Duplicate rows removed from result, since
relations are sets.



N
Union Operation — Example

A | B A | B
. a | 1 o | 2
Relations 7, s:
a| 2 B |3
B |1 S
r Intuition: The union
operation concatenates
two relations, and removes
A | B duplicate rows (since
relations are sets).
a| 1
rUJs: ol s
Here there are two rows
pi with A=aand B=2. So
p |3 one was discarded.




N
Union Operation

* Notation: » U s
* Defined as:
rUs={t|t€Erortcs}
For » U s to be valid.
1. », s must have the same arity (same number of attributes)

2. The attribute domains must be compatible (e.g., 2™ column
of  deals with the same type of values as does the 2nd
column of s).

Although the field types must be the same, the names can be

different. For example I can union professor and lecturer where:

professor(PILD : string, name : string)
lecturer(LID : string, first name : string)



Set Difference Operation — Example

A| B A | B
Relations 7, s:| ¢ | ' o
a| 2 p | 3
B |1 S
r Intuition: The set
difference operation
f—g returns all the rows that
. A | B ) )
are in /'but not in S.
a| 1
B |1




Set Difference Operation

 Notationr—s
* Defined as:
r—s ={t|t€Erandte&s)
» Set differences must be taken between
compatible relations.
— r and s must have the same arity
— attribute domains of » and s must be compatible
* Note that in general r—s = s—r



EEE s
Cross-Product Operation-Example

Relations r, s:

IrX S.

A | B C| D | E
o 1 a 10| a
p | 10| a
B |2 B lz2o| b
10| b
r Y
S
A| B|C|D|E
a| 1| a| 10| a
al| 1 |p |10 a
al| 1| p 20| b
a| 1| v |10| b
Bl 2| a|10| a
pl2|pP|10| a
Bl 2| B|20| b
Bl2]| vy |10| b

Intuition: The cross

product operation
returns all possible
combinations of rows in

I with rows 1n S.

In other words the result
1s every possible pairing
of the rows of Fand S.



Cross-Product Operation

e Notationr X s
e Defined as:
rxs={tglt€erandqgcs}

* Assume that attributes of r(R) and s(S) are
disjoint. (Thatis, R N §= ©).

o If attributes names of »(R) and s(S) are not
disjoint, then renaming must be used.



N
Composition of Operations

* We can build expressions using rx s
multiple operations
« Example: 0,_(rxs) A|B|C|D|E
a a
A|B C|\D|E
al 1 a | 10| a
p | 10| a
|2 B 20| b B B
r y | 10| b B B
S
A|lB|C|D|E
a 1| 410 a
Op—c(rxs)m) | g || 8|20 a
B|l2|Fl20] b




Rename Operation

* Allows us to name, and therefore
to refer to, the results of

. . A B A B
relational-algebra expressions.
a | 1
Example: «lz2) | j
P myRelation (r—35) ’ p 1 S
A | B
a | 1
B |1

mKRe/a tion



Rename Operation

If a relational-algebra expression £ [ 4] 5
. A|lB
has arity n, then
a 1 al o
Py 41, 42, ... dn)(E) “121 s 3
B |1
r S
returns the result of expression £ under
the name X, and with the attributes
renamed to A1, A2, ...., An. 3 | W
a| 1
B |1
Example
myRelation

P myRelation(E.K) (I — S)



N
Banking Examples

branch (branch-name, branch-city, assets)

customer (customer-name, customer-street, customer-only)
account (account-number, branch-name, balance)

loan (loan-number, branch-name, amount)

depositor (customer-name, account-number)

borrower (customer-name, loan-number)



EE oaaaaaaa.
Quick note on notation

good_customers bad customers
customer-name | loan-number customer-name | loan-number
Patty 1234 Seymour 3432
Apu 3421 Marge 3467
Selma 2342 Selma 7625
Ned 4531 Abraham 3597

If we have two or more relations which feature
the same attribute names, we could confuse them.
To prevent this we can use dot notation.
For example

good_customers.loan-number



e Find all loans of over $1200

O amount > 1200 (loan)

loan

Oamount

Example Queries

> 1200 (loan)

loan-number | branch-name |amount

1234 Riverside 1,923.03
3421 Irvine 123.00
2342 Dublin 56.25
4531 Prague 120.03
1234 Riverside 1,923.03




N
Example Queries

* Find the loan number for each loan of an amount greater than $1200

JI:loan—iflumber (Oamount > 1200 (ZOCm))

loan-number | branch-name | amount
1234 Riverside 1,923.03
3421 Irvine 123.00
loan
2342 Dublin 56.25
4531 Prague 120.03
O mount > 1200 (loan) 1234 Riverside 1,923.03

(o > 1200 (loan)) 1234

J“l:loazn-iwmber amount




Example Queries
« Find all loans greater than $1200 or less than $75

Oamount > 1000 or amount < 75([06171)

loan-number | branch-name | amount
1234 Riverside 1,923.03
3421 Irvine 123.00
loan 551 Dublin 56.25
4531 Prague 120.03
O 000 or emomr < 75 (loan) 1234 Rlver.51de 1,923.03
2342 Dublin 56.25




B e
Example Queries

* Find the names of all customers who have a loan, an account, or
both, from the bank

T customer-name (b orrower ) U T customer-name (dep ositor )
borrower depositor
customer-name | loan-number customer-name | account-number
Patty 1234 Moe 3467
Apu 3421 Apu 2312
Selma 2342 Patty 9999
Ned 4531 Krusty 3423
Moe
J“l:customer-nazme (b orrower ) Apu ﬂ:customer -hame (dep OSiIOI”)
Patty Patty Moe
Apu Krusty Apu
Selma Selma Patty
Ned Ned Krusty




N
Example Queries

Find the names of all customers who have a loan at the Riverside branch.

JT

We retrieve
borrower and
loan. ..

...we calculate
their cross
product...

customer-name (Obranch-namez “Riverside ” (Gborrower.loan—number = loan.loan-number

(borrower X loan)))

borrower loan
customer-name | loan-number || loan-number | branch-name | amount
Patty 1234 1234 Riverside 1,923.03
Apu 3421 3421 Irvine 123.00
customer-name borrower.loan- | loan.loan- branch-name amount
number number

Patty 1234 1234 Riverside 1,923.03
Patty 1234 3421 Irvine 123.00
Apu 3421 1234 Riverside 1,923.03
Apu 3421 3421 Irvine 123.00




J l:cmx‘tomer—name (Gbmnch-name=“Riverside ” (Gborrower. loan-number = loan.loan-number

...we calculate
their cross
product...

...we select the

rows where
borrower.loan-

number 1s equal to
loan.loan-number ...

...we select the
rows where
branch-name 1S

equal to
“Riverside”

...we project out
the customer-name.

(borrower X loan)))

customer-name | borrower.loa | loan.loan- branch-name amount
n-number number

Patty 1234 1234 Riverside 1,923.03

Patty 1234 3421 Irvine 123.00

Apu 3421 1234 Riverside 1,923.03

Apu 3421 3421 Irvine 123.00

customer-name | borrower.loa | loan.loan- branch-name amount
n-number number

Patty 1234 1234 Riverside 1,923.03

Apu 3421 3421 Irvine 123.00

customer-name | borrower.loa | loan.loan- branch-name amount
n-number number

Patty 1234 1234 Riverside 1,923.03

Patty




Example Queries

Find the largest account balance

TCp y1ancel@ccount) - JU
(account)))

account.balance

(o

account.balance < d.balance

(account X p,

account d
account- | balance account- | balance
number number
Apu 100.30 Apu 100.30
Patty 12.34 Patty 12.34
Lenny 45.34 Lenny 45.34




J“l:bazlaznce(accaun t) - J“l:a!ccount. balance(gaccount. balance < d.balance (account X p d (account)))
account.account- | account. | d.account | d.balance
number balance | -number
Apu 100.30 | Apu 100.30
Apu 100.30 | Patty 12.34
Apu 100.30 | Lenny 45.34
Patty 12.34 | Apu 100.30
Patty 12.34 | Patty 12.34
Patty 12.34 | Lenny 45.34
Lenny 45.34 | Apu 100.30
Lenny 45.34 | Patty 12.34
Lenny 45.34 | Lenny 45.34
account.account- | account. | d.account | d.balance
number balance | -number
Patty 12.34 | Apu 100.30
Patty 12.34 | Lenny 45.34
Lenny 45.34 | Apu 100.30




IC; L1ancel@ccount) - JU

account.balance(gaccount.balance < d.balance (account X P4 (account)))
account.account- | account. | d.account | d.balance
number balance | -number
Patty 12.34 | Apu 100.30
Patty 12.34 | Lenny 45.34
Lenny 45.34 | Apu 100.30
account.
balance
12.34
account 12.34
account- | balance 4534
number
Apu 100.30
Patty 12.34
Lenny 45.34
100.30




EE 0 .
Formal Definition

A basic expression in the relational algebra consists of
either one of the following:

— A relation in the database
— A constant relation

* Let £, and £, be relational-algebra expressions; the
following are all relational-algebra expressions:
- E,UE,
~E,-E,
- E;xE,
- o, (E;), P is a predicate on attributes in £
— I (E;), S 1s a list consisting of some of the attributes in £

— P, (E;), x is the new name for the result of £



N
Important note on notation!

When you see operators A | B A| B A| B
between lowercase letters...
a | 1 a | 2 a | 1
F—=23 a | 2 B | 3 B |1
They refer to relation algebra Bl 1
operators r 5 r-s

When you see operators
between uppercase letters...

k=5 R = (age, name)
They refer to operators on ’
schemas S = (name)
Note: such notations are slightly different .
from the textbook R'S _ (ag e )



_  —
Additional Operations

We define additional operations that do not add
any power to the relational algebra, but that
simplify common queries.

— Natural join .

. . All joins are really
— Conditional Join special cases of
_ DlVlSlOIl conditional jOin

— Set intersection



EE— ..
Natural-Join Operation: Motivation

Very often, we have a query and the borrower loan
answer is not contained in a single cust-name | l-number | | l-number | branch
relation. For example, I might wish to Patty 1234 1234 Dublin
know where Apu banks. :
The classic relational algebra way to do Apu 3421 3421 Irvine

such queries is a cross product, followed
by a selection which tests for equality on

cust-name | borrower.l-number | loan.l-number | branch

some pair of fields. Patty 1234 1234 Dublin
Patty 1234 3421 Irvine
Oborrower.l-number = loan.l-number(b orrower X | oan))) Apu 3421 1234 Dublin
Apu 3421 3421 Irvine
While this works. ..
e 1t 1S unintuitive cust-name | borrower.l-number | loan.l-number | branch
* it requires a lot of memory Patty 1234 1234 Dublin
» the notation 1s cumbersome Apu 3401 3401 Irvine

So, we have a more intuitive way of achieving the same effect,
the natural join, denoted by the [x| symbol



N
Natural-Join Operation: Intuition

Natural join combines a cross product and a selection into one
operation. It performs a selection forcing equality on those
attributes that appear in both relation schemes. Duplicates are
removed as 1n all relation operations.

So, 1f the relations have one attribute 1n common, as 1n the last slide
(“l-number”), for example, we have...

borrower X loan = Oborrower. I-number = loan.l—number(b orrower X loan)))

There are two special cases:
o [f the two relations have no attributes in common, then their
natural join 1s simply their cross product.
o [f the two relations have more than one attribute in common,
then the natural join selects only the rows where all pairs of
matching attributes match. (iers see an example on the next slide).



I-name | f-name | age l-name | f~name | ID
Bouvier | Selma |40 B Bouvier | Selma | 1232
Bouvier | Patty |40 Smith | Selma | 4423
Smith Maggie | 2
Both the Lname and the l-name | f-name | age |l-name | f-name |ID
f-name match, so select. > | Bouvier |Selma |40 |Bouvier |Selma 1232
Bouvier | Selma |40 | Smith Selma 4423
Only the fnames match,/ Bouvier |Patty |2 Bouvier | Selma 1232
so don’t select. Bouvier |Patty |40 |Smith Selma | 4423
Smith Maggie Bouvier | Selma 1232
gnz;i:i—gzws match, Smith Maggie Smith Selma 4423
We remove duplicate __—» l-name | f-name | age |Il-name | f-name |ID
attributes. .. Bouvier | Selma |40 | Bouvier | Selma 1232
The natural join of A and B l-name | f-name | age |ID
ool e s et st e o et AP B = [gowier [soima 40| 122
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Natural-Join Operation

 Notation: rix s

* Let rand s be relations on schemas R and S respectively.The result is
a relation on schema R U S which is obtained by considering each
pair of tuples ¢,. from » and 7, from s.

 Ifz,and 7, have the same value on each of the attributes in R M §, a
tuple ¢ 1s added to the result, where

— t has the same value as tr onr

— t has the same value as tS on s

« Example:
R=(4, B, C, D)
S=(E, B, D)

* Result schema= (4, B, C, D, E)
r s 1s defined as:

J-lsr.A, r.B, r.C r.D, s.E (Gr.B =s.B r.D=sD (r X S))
B A



N
Natural Join Operation — Example

e Relations r, s:

A|B|C|D B | D|E
a| 1| ala 1| a|a
pl2|v|a 3| a|p
y|1 4| B | Db 17 1a/]yvy
a| 1] v |a 2| b | o
6| 2| B|b 3| b|€E
r S
rx s

A/ B|C D E How did we get here?

al|l1l|a|al|a

al| 1|lalaly Lets do a trace over the

a| 1|v|lal|la next few slides...

o | 1|v|alyY

oO| 2| B|b |0




>
o
O
Q
o
Q
m

S QA=
N ~~AN=—
D= D™= R
OO0 T O
Mo XK

W W

»w |0 0 Q©

First we note which attributes the two relations have in common...



A/ B|C|D B|D|E
mem) | a| 1| ala 1| a| o<
pl2|7v|a 3lalp
ry|4|B|b 1| a| v |<zzz
a| 1717 |a 2| b |6
o 2| PB|Db 3| b | €&
r s

There are two rows in S that match our first row in r, (in the relevant
attributes) so both are joined to our first row...



A/ B|C|D B D|E
a| 1| a| a 17|a| a
mmm) S| 2|7 | a 3| al|p
y|1 4| p|Db 17laly
al| 1| vy | a 2! b | o
ol 2| B | Db 3| b | &E
r S

...there are no rows 1n S that match our second row in r, so do
nothing. ..



A B|C|D B D |E
a| 1] a| a 1] a| a
pl2 |y | a 3| al|p
mm) v | 4| B | Db Tla]|vy
al| 1| vy | a 21 b| o
ol 2| P | Db 3| b | &E
r S

...there are no rows 1n S that match our third row in r, so do

nothing. ..
I



A B|C|D B D)\ E
al 1| ala 1| a| o|<=Z=3
pl2|v|a 3|al|p
y| 4| B | b 1| a| v |gzzzza
mmm)> o | 1|y | a 2| b | o
ol 2| p|Db 3| b | €E
r S
A B | C|D|E
a|1|a|la]|«a
a1 |alaly
mmm)| 2| 1|V |a|a |\ <o
mmm) | 2| 71| V| A Y |Gz

There are two rows in S that match our fourth row in r, so both are
joined to our fourth row...



Al B|C|D B D E
a| 1| a| a 17| a| a
Bl 2| y]| a 3| a|p
y| 4| 68| b 171 a)|vy
al| 1| v | a 2| b | | <
mmm)| 0 | 2| B | b 3|b|E
r S
A B|C|D|E
a| 1|a|la| o
oa| 1 |alalyYy
oa| 1| v|a|«a
o | 1| v|alyY
== 6|2 | |b]| b | ==

There is one row that matches our fifth row in r,.. so it 1s joined to
our fifth row and we are done!



EEE—  oaaaaa.."
Conditional-Join Operation:

The conditional join 1s actually the most general type of join. I
introduced the natural join first only because it 1s more intuitive

and... natural!

Just like natural join, conditional join combines a cross product and
a selection into one operation. However instead of only selecting
rows that have equality on those attributes that appear in both
relation schemes, we allow selection based on any predicate.

I, S = O'C(I' X S) Where c is any predicate
the attributes of r and/or S

Duplicate rows are removed as always, but duplicate columns are
not removed!



EEE— e
Conditional-Join Example:

We want to find all women that are older than their husbands...

l-name f-name | marr-Lic | age I-name | f-name | marr-Lic | age
Simpson Marge | 777 35 Simpson | Homer | 777 36

r Lovejoy Helen |234 38 S Lovejoy | Timothy | 234 36
Flanders Maude | 555 24 Simpson | Bart null 9
Krabappel | Edna | 978 40

F'iX r.age > s.age AND r.Marr-Lic = r.Marr-Lic S

r.l-name | r.f-name | r.Marr-Lic | r.age | s.l-name | s.f~name | s.marr-Lic | s.age
Lovejoy | Helen 234 38 Lovejoy | Timothy | 234 36

Note we have removed ambiguity of attribute names by using “dot” notation
Also note the redundant information in the marr-lic attributes



N
Set-Intersection Operation - Example

Relationr, s: 2 1B A B
o | 1 a | 2
AL
r S

Intuition: The
intersection operation
returns all the rows that

Al B are in both Fand S.

rfs




N
Set-Intersection Operation

 Notation: rM s

* Defined as:
crns={t|tcrandrcs}
e Assume:

— I, S have the same arity

— attributes of r and s are compatible
* Note:rMNs=r-(r-s)



e Division Operation

e Suited to qllCI'iCS like Find sailors who have reserved all red boats.

e Let rand s be relations on schemas R and S respectively
where

- R=(44,...,4,,By,....,B,)

- 8=(By,....,B))

The result of r /s is arelation on schema (4, ...,Am), 1.€. the
schema R-S

Suppose r has 2 fields: x and y, and s has 1 field: y, then
rls= {<x>| forall |y in s (there exists (x,y) in r) }

r /s contains all x tuples such that for every y tuple in r, there is
an xy tuple in s



Division Operation — Example

Relations r, s: A| B B
o | 1 1
@ ol I 2
a| 3
p |1
Y 1
o | 1
0| 3
o | 4
€| 6
e | 1
gl 2 r/s:
p

a occurs in the presence of both 7 and 2, so it is returned.
B occurs in the presence of both 7 and 2, so it is returned.
v does not occur in the presence of both 7 and 2, so 1s ignored.
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Another Division Example

Relations r, s: AlBlclpl E pl E
o | a| al a 1 a| 1
alal|y|a/|il b | 1
@O{ a 14 b 1 S
plal|y|a]|1
Blal|y|b|3
yial|yl|la]|l
Cdylalylnl A|lB|C
yial|pB|b |1 :
: ri/s: alaly
Y | a Y

<a, a ,y > occurs in the presence of both <a, 7> and <b, 7>, so it is returned.
<7y, a,y >occurs in the presence of both <a, 7> and <b, 7>, so it is returned.
<B, a ,y > does not occur in the presence of both <a, 7> and <b, 7>, so it is ignored.



e
Assignment Operation

» The assignment operation (<—) provides a convenient way to
express complex queries, write query as a sequential program
consisting of a series of assignments followed by an
expression whose value 1s displayed as a result of the query.

» Assignment must always be made to a temporary relation
variable.

« Example: Write r /s as
templ <= T0p_¢ (1)

temp2 <= Tp_g ((templ X 5) —Tlp_¢ ¢ (7))
result = templ — temp?2

— The result to the right of the < 1s assigned to the relation variable on the

left of the <.



EEE 20202000000 .
Extended Relational-Algebra-Operations

* Generalized Projection
* QOuter Join



I
Generalized Projection

» Extends the projection operation by allowing
arithmetic functions to be used in the projection list.

T 1o, el E)
« F 1s any relational-algebra expression

 Bachof FF|, F,, ..., I, are are arithmetic expressions
involving constants and attributes in the schema of E.

* Given relation credit-info(customer-name, limit, credit-
balance), find how much more each person can spend:

ﬂ:customer—name, limit — credit-balance (CI” edlt'mf 0)



I
Generalized Projection

Given relation credit-info(customer-name, limit, credit-
balance), find how much more each person can spend:

JT’custozfrzer—name, limit — credit-balance (Cr edi t'mf 0)

customer-name | limit | credit-balance
Simpson, Marge 500 | 400

cre dl {- ln f O Lovejoy, Helen 2000 | 1500

Flanders, Maude 0(0

Krabappel, Edna 50|11

Simpson, Marge 100

Lovejoy, Helen 500
Flanders, Maude 0
Krabappel, Edna 39




EE .
Outer Join

* An extension of the join operation that avoids
loss of information.

« Computes the join and then adds tuples from
one relation that does not match tuples in the
other relation to the result of the join.

o Uses null values:

— null signifies that the value 1s unknown or does not
exist

— All comparisons involving null are (roughly
speaking) false by definition.



e
Outer Join — Example

loan-number | branch-name | amount
e Relation loan L-170 Springfield 3000
L-230 Shelbyville 4000
L-260 Dublin 1700
B Relation borrower customer-name| loan-number
Simpson L-170
Wiggum L-230
Flanders L-155




Outer Join — Example

e Inner Join

loan x Borrower

e Left Outer Join

loan _X|borrower

loan-number | branch-name | amount customer-name
L-170 Springfield 3000 Simpson
L-230 Shelbyville 4000 Wiggum
loan-number branch-name amount
L-170 Springfield 3000
L-230 Shelbyville 4000
L-260 Dublin 1700
customer-name| loan-number
Simpson L-170
Wiggum L-230
Flanders L-155
loan-number | branch-name | amount |customer-name
L-170 Springfield 3000 Simpson
L-230 Shelbyville 4000 Wiggum
L-260 Dublin 1700 null




e
Outer Join — Example

loan-number | branch-name | amount |customer-name
L-170 Springfield 3000 | Simpson
L-155 null null Flanders
loan-number branch-name amount
loan € borrower L-170 Springfield 3000
L-230 Shelbyville 4000
L-260 Dublin 1700
customer-name| loan-number
Simpson L-170
Wiggum L-230
Flanders L-155
Full Outer Join | loan-number | branch-name| amount | customer-name
L-170 Springfield 3000 | Simpson
L-230 Shelbyville 4000 Wiggum
loan DL borrower || 5o Dublin 1700 | null
L-155 null null Flanders




